Abstract. Chameleon, environmentally dependent dilaton, and symmetron gravity are three models of modified gravity in which the effects of the additional scalar degree of freedom are screened in dense environments. They have been extensively studied in laboratory, cosmological, and astrophysical contexts. In this paper, we present a preliminary investigation into whether additional constraints can be provided by studying these scalar fields around black holes. By looking at the properties of a static, spherically symmetric black hole, we find that the presence of a non-uniform matter distribution induces a non-constant scalar profile in chameleon and dilaton, but not necessarily symmetron gravity. An order of magnitude estimate shows that the effects of these profiles on in-falling test particles will be sub-leading compared to gravitational waves and hence observationally challenging to detect.
Introduction
Since it was first published nearly a century ago, general relativity (GR) has earned its place as an incredibly successful and well verified theory of gravity (see e.g. [1] ). There are however, both theoretical and observational reasons to consider alternatives to, and extensions of, GR. On the one hand, string theory provides a framework for describing quantum gravity, but suggests that we live in more than 4 dimensions. The consequences of these extra dimensions have not been definitively predicted, however, a generic feature of dimensional reduction is that extra fields appear in the low energy gravitational sector. On the other hand, observations of high redshift supernovae indicate that the universe is expanding at an accelerating rate [2, 3] , and together with microwave background [4, 5] and large scale structure [6] measurements, suggest that around 70% of the energy density of the universe comes in the form of a 'dark energy' -an energy momentum density which has a large negative pressure and is well modelled by a cosmological constant. Since the magnitude of the cosmological constant is extremely small by particle physics standards, explaining its stability under quantum corrections is a challenge. Finding either a natural explanation for its measured value or an alternative to the constant, is a major motivation for developing and studying modified theories of gravity (see [7] for a review of various approaches). Additionally, studying modified gravity theories allows us to better explore where GR has been tested rigorously and to constrain the low energy properties of quantum gravity theories. Scalar-tensor theories, which modify gravity by introducing new, non-minimally coupled scalar fields are an extensively studied alternative to GR. They are theoretically attractive because such light scalar fields are generically predicted in the low energy limit of string theory. For a scalar field to affect cosmological expansion, its mass must be of the order of the Hubble scale, H 0 ∼ 10 −33 eV. If it interacts with matter however, the presence of a light scalar field will result in a long-range fifth force and would thus be subject to tight constraints from laboratory and solar system tests of gravity, [1, 8, 9] . These constraints are weakened for theories in which the scalar field modifying gravity somehow decouples from matter, or is "screened," in dense environments. Models with this property are appealing because they can modify the behaviour of gravity on large scales while recovering the behaviour of GR in environments where local tests have been performed. This paper will focus on three particular scalar-tensor theories which have been found to exhibit screening, known as chameleon, [10] , environmentally dependent dilaton, [11] , and symmetron, [12] , modified gravity.
These models have been studied and constrained using laboratory [13] [14] [15] [16] , solar system [8] , cosmological [17] , and astrophysical [18] tests. These investigations all have one thing in common: they probe gravity in a regime where gravitational fields and space-time curvatures are relatively weak. In the near future, the direct detection of gravitational waves from compact binary systems will allow us to constrain the behaviour of gravity in the strong field, large curvature regime. Accordingly, attention has increasingly focussed on efforts to test gravity by studying the dynamics of compact objects such as neutron stars and black holes, [19, 20] . It is thus natural to ask whether observations of black holes might provide new constraints on screened modified gravity.
Inevitably, when studying black holes in the context of a modified gravity theory one has to re-examine the uniqueness of exact solutions, that is, whether the extra physical fields add extra degrees of freedom to the black hole solutions, usually referred to as "black hole hair", [21] . Recently, these "no hair" theorems, originally proven to demonstrate black holes could not carry extra charges measurable at infinity, have been taken in a far stronger context to mean black holes cannot have nontrivial scalar (or other profiles). In fact, this looser definition of 'hair', referred to as dressing in [22] , has been known to be quite possible for many years, starting with the (unstable) coloured black holes of [23] , or the (stable) black monopoles, [24] , quantum hair, [25, 26] , as well as the explicit vortex hair of [22] .
In scalar tensor gravity, a number of no-hair theorems (i.e., demonstrating that the scalar fields takes a constant value around an isolated black hole) have been proven, [27] [28] [29] (although note the assumptions behind these theorems may not always correspond to desired physical situations, [30] ). The results of these theorems have been extended to binary black hole systems using perturbative, [31, 32] , and numerical, [33] , calculations, demonstrating that dynamical spacetimes with two interacting black holes in scalar-tensor theory will be indistinguishable from general relativity. This might seem to imply that black hole systems will not be useful for constraining screened modified gravity, however, these theorems do not take into account cosmological backgrounds, in which the scalar field will typically be dynamical. A study of cosmologically evolving black holes with a canonical scalar field, [34] , shows that the scalar field does evolve on the event horizon of the black hole, though there is no evidence for an additional scalar charge. Indeed, there are several solutions in the literature which allow for nontrivial scalar fields around black holes, [35] [36] [37] 42] , although to be fair, many are singular, or "engineered".
We will show that the simple arguments used to determine the lack of hair or dressing can break down in the case of screened modified gravity even for static solutions, where the properties of the scalar are strongly dependent on the local matter density, and can allow for nontrivial scalar fields around conventional (i.e. non-singular) Schwarzschild black holes. This paper focuses on removing the requirement that the black hole exist in a vacuum. This consideration is clearly relevant for astrophysical black holes that are typically observed in galaxies or galactic centres, and can have energetic accretion discs. In order to explore this question, we consider spherically symmetric distributions of matter around a black hole in screened modified gravity. We perform a 'probe' calculation, in that we explore the scalar profile around the black hole without considering the corresponding modification of the black hole geometry. We are therefore not looking at issues of time dependent black holes, such as discussed in [38] [39] [40] [41] 43] , as we will see nontrivial profiles even in the static case.
Strictly speaking, a non-uniform matter distribution will result in a non-uniform scalar field profile due to the non-minimal coupling of the scalar to gravity. We expect that the complete picture will be a superposition of multipoles, with the dominant features being encapsulated by the monopole, or spherically symmetric, behaviour. Indeed, if we were to discover that the spherically symmetric case precluded the possibility of black hole hair, then it would be indicative that black holes would not carry hair. Conversely, the discovery of nontrivial spherically symmetric scalar profiles would demonstrate that black holes can indeed carry screened scalar hair, although the full solution would be more complicated and involved than the simple picture presented here.
The layout of the paper is as follows: we introduce screened modified gravity in §2. We then solve for the scalar field profile in §3 under the assumption of spherical symmetry and discuss its effect on the black hole's properties in §4.
Screened modified gravity
The basic idea of a screening mechanism is that either the mass of the additional scalar is dependent on the local energy density, or its coupling to matter (or both). Thus, the field can be heavy or decoupled in a dense environment such as our solar system or galaxy, thereby giving no fifth force modifications to gravity, whereas on large cosmological scales at very low densities, the field is much lighter or can couple to matter and therefore give rise to modifications of the gravitational interaction.
We will explore three different models of screened modified gravity: the chameleon mechanism, [10] , which occurs when the mass of the scalar field, m(φ 0 ), is large enough to suppress the range of the scalar force; the environmental dilaton, [11] , where the coupling function between the scalar and matter fields and the mass alter in dense regions; and the symmetron, [12] , where the coupling function switches off in dense environments. These mechanisms can be modelled generically with the Einstein frame action
Here M 2 p = 1/8πG is the Planck mass and S m is the action for matter fields (denoted generically as Ψ i ), which couple minimally to the Jordan frame metric,g µν = A 2 (φ)g µν . The details of a particular scalar-tensor theory are completely specified by the scalar potential V (φ) and the non-linear coupling function A(φ). We assume A(φ) is close to 1, writing
As we are always in the low energy regime, we take φ M p . The modified 'Einstein' equation is then written as
where
Note that in the Einstein frame, the matter stress-energy tensor is not covariantly conserved, rather, we have
This can be interpreted as a 'fifth force' on matter due to its interaction with the scalar field. For a non-relativistic particle, this takes the form
It is convenient to define ρ ≡ −A −1 T m , which is a conserved density for non-relativistic distributions of matter, [45] , in the Einstein frame. Using this formalism, the scalar equation of motion is
The fact that dynamics of φ are governed by a density-dependent effective potential V eff (φ, ρ) is the source of the screening behaviour for chameleons, environmentally dependent dilatons, and symmetrons.
Chameleons
Chameleon models contain a scalar field whose mass is an increasing function of density, which causes the range of any fifth force to be suppressed in dense regions [10] . This means chameleon scalars are screened in dense environments like the solar system, and can evade local observational constraints while still having significant effects on cosmological scales. In these models, it is typically assumed that β(φ) is nearly independent of φ throughout the relevant field range, and so can be treated as a constant parameter. The coupling function is therefore taken to be
A typical chameleon potential is 10) where n ≥ 1 is an integer of order one, and we define V 0 ≡ M 4+n to simplify notation. Keeping only the leading order term from the coupling function, we see that the effective potential is
11) Figure 1 : Plots illustrating the chameleon screening mechanism, [44] . The dashed, dotted and solid lines are the bare potential V (φ), the coupling function, and V eff respectively. Left Panel: in high density regions, the minima of V eff is close to φ = 0 and ∇φ and hence the fifth force is small. Right Panel: in low density regions the fifth force can be non-trivial.
which is minimised at φ
The mass of small fluctuations of the field around this minimum is
which, as required, increases monotonically with ρ. Current constraints on chameleon models come from laboratory, cosmological, and astrophysical tests. Fifth force constraints from Eöt-Wash torsion-balance experiments [1] give the bound M 10 −3 eV, assuming β and n are of order one [15, 17, 45, 46] . Demanding that the Milky Way be screened gives a lower bound for the mass of the chameleon at cosmological densities, m cosm 10 3 H 0 or equivalently, m −1 cosm 1 Mpc, [17, 47] . Laboratory constraints restrict the mass at terrestrial densities to be m −1 ⊕ 50 µm [49] . We can use (2.13) to translate constraints on the chameleon's cosmological or terrestrial mass to an estimate in regions with arbitrary density. Assuming β ∼ O(1), we note that if we set V 0 by the dark energy scale, M ∼ 10 −3 eV, as indicated by the limits, then the first term inside of the square brackets in (2.13) will always dominate for ρ ρ cosm ∼ H 2 0 M 2 p . This allows us to approximate the ratio of the chameleon's effective mass at two different densities as
We can therefore see that the strongest constraint comes from the laboratory experiments, and this is the bound we will use for the chameleon Compton wavelength. In our Table 1 , we see that the Compton wavelength of the chameleon will always be very small compared to the characteristic length scale of a black hole surrounded by an accretion disk. However, if there is no accretion disk and the black hole is simply surrounded by the ambient galactic density, the chameleon wavelength while potentially short compared to the size of a supermassive black hole, will be long compared to that of a stellar mass black hole. Interestingly, for the particular chameleon model we explore most fully in §3.1, which has n = 4, the Compton wavelength limit at galactic densities is of the same order (10 9 m) as the radius of a typical supermassive black hole.
Environmentally dependent dilatons
Environmentally dependent dilaton models rely on a generalisation of the Damour-Polyakov mechanism, which arises in the strong coupling limit of string theory [48] . Their screening behaviour is a consequence of the fact that their coupling function has a minimum at some
The dilaton self-interaction potential is
where again we define
There is a caveat in that the action for dilatons contains a non-canonical kinetic term:
The function k(φ) depends on the parameters of the particular string theory, but assuming that φ/M p 1 it will generally take the form
where λ typically falls in the range O(1) λ
Mp
Ms . Here, M s is the string energy scale which we will take to be of order 10 −1 − 10 −2 M p . Thus our equation of motion is where the redefined scalar, ϕ, is defined via dϕ = k(φ)dφ.
The effective potential will be minimised when 20) for φ min ≡ φ(ϕ min ). Thus, for large matter density, β is suppressed and the scalar field will decouple from matter. We also note that 0 < β ≤ 1 4 , so β is at most order unity for dilatons. The mass of small fluctuations about ϕ min is
As with chameleons, the requirement that the Milky Way be screened places a lower bound on the mass of the dilaton at cosmological densities of m cosm ≥ 10 3 H 0 [50] . This translates to the requirement that λ 2 a 2 10 5 . We note that because 0 < β ≤ 1 4 and a 2 1, the dilaton's mass is dominated by the final term in the numerator, m 2
p . Saturating the bound on λ 2 a 2 gives an upper bound of O (10 22 )m for the Compton wavelength of the dilaton in vacuum, which is always much larger than any black hole of astrophysical or cosmological interest. Meanwhile, in a denser region surrounding a black hole, the coupling function is markedly damped, see (2.20) , resulting in the dilaton effectively decoupling from matter and being fixed very close to φ d .
Symmetrons
Like dilatons, symmetrons exhibit screening behaviour because their coupling to matter goes to zero in dense regions, [12, 14, 52, 53] . They have a symmetry breaking potential and a quadratic coupling function,
This gives the effective potential symmetry breaking properties which depend on the local matter density,
In regions with ρ < µ 2 M 2 p /a 2 , the symmetron will acquire a non-zero vacuum expectation value (VEV) of φ min = ± µ √ λ
. In these regions, the field couples to matter through β(φ) ≈ a 2 φ min /M p and will produce a fifth force. When ρ is large enough to restore symmetry, the VEV of φ vanishes, hence β(φ) ≈ 0 thus decoupling the symmetron from matter.
Note that though the screening behaviour does not depend on it, the effective mass of the symmetron will be different in regions of different density:
In order for symmetrons to produce long-range modifications of gravity, the effective potential should have spontaneously broken symmetry at cosmological densities, i.e., ρ cos ∼ H 2 0 M 2 p µ 2 M 2 p /a 2 and requiring the Milky Way to be screened imposes a 2 10 8 , [12] , hence µ 10 4 H 0 (µ −1 0.4 Mpc). Additionally, for the symmetron to have effects comparable to gravity in low-density regions, we need β(φ min ) ∼ O(1), which then requires λ to be very small:
We can estimate an upper bound on the wavelength of the symmetron at arbitrary density by combining these constraints with (2.24). For regions with density greater than about 10 −6 eV 4 , the µ 2 term can be neglected, giving
Thus at physically realistic environmental densities, it is reasonable to assume that for symmetrons m −1 will be large compared to black hole systems.
Scalar profile of a black hole surrounded by matter
Our goal is to study whether a non-uniform matter distribution can induce a non-constant scalar field profile around a black hole and to estimate the magnitude of any scalar gradients which could potentially affect observable properties. Our approach will be to look for a static solution to the scalar field equation (2.8) on the Schwarzschild black hole geometry, together with a non-uniform matter distribution which is assumed (as with the scalar) not to backreact upon the geometry to this order. There are two aspects to this assumption. Firstly, on spatial scales over which the black hole curvature is significant, it requires that the curvature induced by the matter/scalar field be subdominant to that of the black hole. This translates roughly to the requirement
Secondly, although on cosmological timescales we do expect the matter and scalar to have an effect on the spacetime geometry, this will involve a time evolution of order the Hubble scale, thus for the purposes of exploring observational consequences this is very much subdominant to local environmental timescales for the black hole, or reaction of the scalar field to the density profile 1 . Thus, the assumption of staticity is reasonable for timescales τ H
0 , which is safely the case for our astrophysical black holes.
One objection that might be raised to this approach is that the "no hair" theorems preclude any nontrivial scalar profile. The relevant no-hair theorem was explored by Sotiriou and Faraoni, [28] , for the case of static and vacuum solutions. The essence of their argument is to take the scalar equation of motion (shown here for the Schwarzschild background), to multiply by V ,φ (φ) √ g and integrate:
Clearly, if V ,φφ ≥ 0, as is the case with a wide range of physically relevant potentials, then the only possibility is that the integrand on the LHS is identically zero, i.e., φ ≡ 0, φ = φ min . Although at first sight the potentials we are considering appear to satisfy this constraint, we must be careful, as it is the effective potential that is the relevant quantity, and we are looking at a non-uniform environment where the matter density, ρ, jumps from being roughly zero to the ambient galactic or local accretion disc value. Thus, although r 2 V 2 ,φ is positive definite, the derivative of V ,φ with respect to r contains a delta function, coming from the derivative of ρ. Combining this with the intuition that φ, if nontrivial, will tend to roll towards large values near the black hole horizon, we see that the second term in the integrand can potentially be very large and negative, thus ruling out a simple "no-hair" proof, and opening the possibility of a nontrivial scalar profile.
Before examining the system in detail, it is useful to first note how the scalar reacts to an arbitrary position-dependent matter distribution in the absence of a black hole. We take a spherically symmetric matter distribution, with a density (denoted by ρ ) approximately constant for large r. Let φ be the value of the field that minimises the effective potential V eff (φ, ρ ). Following the procedure presented in [54] , we expand the potential and coupling functions around φ . Defining δφ ≡ φ − φ , we have
and hence the equation of motion becomes
This expression shows that a constant solution with φ = φ is only allowed if the δφ−independent term on the right-hand side vanishes everywhere. If the density is constant with ρ = ρ , this is automatically satisfied. For a non-uniform matter distribution, δφ = 0 will be a solution only if
Using the potentials and coupling functions defined in Sections §2.1, §2.2, and §2.3, we can apply this analysis to chameleons, dilatons, and symmetrons. This gives:
For chameleons:
For dilatons:
For symmetrons:
Note that for dilatons we have performed the expansion in term of the redefined field ϕ where dϕ = k(φ)dφ, using the definition φ ≡ φ(ϕ ). Also, we have kept only the leading order terms in φ/M p , writing A(φ ) ≈ 1 and e −φ /Mp ≈ 1.
From these expressions we see that in the vicinity of a non-uniform distribution of matter, chameleons and dilatons are not only expected, but in fact are required to take on a nonconstant scalar profile. This will also be the case for symmetrons if the density far from the black hole is low enough to put the effective potential in its symmetry-breaking phase, with
. However, if ρ is large enough φ = 0 for symmetrons, so the trivial solution is allowed. This means that symmetrons can (but are not required to) take on a configuration which is identical to that of general relativity.
Turning now to the case of the black hole, our setup is motivated by a physical picture of an astrophysical black hole, typically located within some larger distribution of matter. Although astrophysical black holes will be rotating, for the purpose of establishing whether or not a nontrivial scalar profile is possible, it will suffice to consider a purely monopole spherically symmetric set-up, in which the black hole is descibed by the Schwarzschild metric:
(denoting R s = 2GM for clarity), and the density profile by
The motivation for this profile is that the larger distribution of matter in which the black hole sits will be characterised by a density ρ (taken to be constant in (3.10)), which is assumed to vary slowly on length scales comparable to the size of the black hole. Very close to the black hole however, we expect an approximately empty inner region, motivated by the fact that all black holes have an innermost stable circular orbit (ISCO -e.g. at 3R s for the Schwarzschild black hole), inside of which all massive particles fall into the black hole on a relatively short time-scale. We therefore treat the density inside some inner radius, R 0 as being roughly zero. Our matter profile (3.10) can thus be viewed as a crude model of either a spherically symmetric accretion "disk" or a galactic "halo" where the matter inside R 0 has fallen into the black hole. Using this model, and taking φ = φ(r), the scalar field equation becomes an ordinary differential equation:
The external matter distribution sets the asymptotic boundary condition φ → φ , where V eff (φ, ρ ), φ | φ = 0. Note that we typically expect φ(r) to approach this minimum over a length scale characterised by m −1 , where m ≡ V eff (φ, ρ ), φφ | φ . We now solve this scalar equation of motion for chameleons §3.1, dilatons §3.2, and symmetrons §3.3, respectively. Note that although we expect R 0 R ISCO = 3R s for the Schwarzschild black hole, to make our analytic calculations tractable we will often use the approximation R s /R 0 1. While the actual value of 1/3 means there will be quantitative inaccuracy to the analytic expressions, we nonetheless expect that the qualitative picture emerging from our analytic results will be correct.
Chameleon profile
Here we show that the presence of a non-uniform matter density sources variations in the chameleon field, endowing the black hole with a scalar profile. We first derive an analytic approximation to the scalar profile, and derive the horizon value of the chameleon in two limits: where the scalar Compton wavelength is either very large or very small compared to the size of the black hole. As we saw in Section 2.1, if we take ρ to be the density of an accretion disk, m R 0 will always be large ( 1) . If ρ is the density of a galactic halo the chameleon will have m R 0 1 for stellar mass black holes, and m R 0 1 for supermassive black holes. Thus, both limits will potentially be relevant for chameleons. We then present numerical solutions for a range of chameleon model data, comparing them to the derived analytic approximations.
Analytic analysis
In order to both explore analytic approximations and perform numerical integrations, we rewrite the chameleon equation of motion in terms of dimensionless variables:
The physical set-up is that we have a dense extended region (II) in which the chameleon will be held essentially constant at φ * . Nearer to the black hole, we have a region of vacuum (region I) in which the chameleon is allowed to roll freely and is only restricted by the dimension of region I. For a low mass chameleon (large Compton wavelength with respect to the black hole) we do not expect the chameleon to change much from its asymptotic value, hence we can perform an analytic approximation assuming a small change inφ. For large mass chameleons however, we do expect a rather sharp and rapid response to the vacuum region, and for the chameleon to have something analogous to a thin shell with a power law behaviour, commensurate with the rolling of the vacuum potential. Thus, for our analytic approximation we also use a different expression in region I for large masses. In both cases in region II however, the field will fall off to its asymptotic value, and we expectφ 1 + δφ, where
for some constant C.
•mx 0 1 For a long range chameleon field, we expect thatφ will not vary much, and assume the change inφ in region I is dominated by the geometry, i.e. 15) which gives the solution:
Matching the solutions at x 0 with the asymptotic form (3.14) giveŝ
(3.17) Writingφ = 1 + δφ, and expanding to leading order gives:
We are mainly interested in the horizon value of the chameleon field, and how this differs from the asymptotic value, as this indicates the impact of the black hole on the local scalar profile, and we can read this off to leading order inmx 0 as: 19) or,
Here we see that δφ h increases with the coupling function β, the density of the local environment and the range in which the chameleon can roll (R 0 ).
•mx 0 1 In the case that the chameleon is short range, we can use the same simple approximation presented above, although without expanding (3.17) nearφ = 1. This approximation should give a good order of magnitude estimate forφ h , however for later purposes we want a better approximation to the field profile so we can estimate φ . Since we expect the key feature of the profile to be the rapid roll of the chameleon near the boundary of the two regions, we focus on the change inφ being dominated by the potential:
which is solved byφ
Meanwhile, matching to (3.14) at x 0 gives:
This profile captures a rapid transition to large near horizon values, although it does not solve the equations of motion at the horizon, as it has been tailored to the variation near x 0 . In spite of this, as we will see from the numerical work, it does indeed capture the essential features of the field profile (see next subsection). Indeed, both this expression, and the simpler geometry dominated approximation data (3.17) give the same dependence of the horizon value on x 0 andm to leading order in x 0
whereφ n+2 c = (n + 2) 2 /(2n) for the potential dominated expression, and 1/6 for the geometry dominated expression. Re-expressing in terms of the dimensionful variables gives
This result shows how the value of the chameleon is dependent on the parameters of the model: Making the chameleon self-interaction potential V (φ) steeper by lowering n or raising V 0 will drive φ h to larger values, as will increasing R 0 .
In both cases, the field is close to its asymptotic value in region II, and rolls to larger values of φ in region I. For the long range chameleon, we expect our analytic approximation to be very good and accurate up to sub-leading dependence on x of orderm/x 0 . For the short range chameleon, we could not find a simple analytic expression that worked throughout region I: the potential dominated expression should work well near x 0 , however, the effect of the nearing event horizon should modify this profile once we are at smaller x. Both approximations gave the same form for the horizon value of the chameleon however, therefore we expect the actual profile to have features of both, and certainly to be nontrivial! For both small and large mass chameleons, increasing the size of the empty region around the black hole (thus giving the chameleon more 'space' to roll) increases φ h . We can read this as a rough restatement of a no-hair theorem, noting that as we take R 0 → ∞ the requirement that the scalar stay finite is violated.
Numerical Results
Although the analytic results presented are strongly suggestive of the existence of a nontrivial scalar profile around the black hole, to confirm that they are capturing the essence of the actual scalar solution, we must verify that the asymptotic expansions do indeed correspond to full solutions. We have therefore integrated (3.13) numerically for a range of parameters ofm, n, and x 0 using a gradient flow algorithm. In all cases the field profile shows a response to the black hole as expected, and we present a selection of our results in figures 4-6 demonstrating the qualitative nature of the field profiles, comparing them to the analytic approximations, and summarizing the horizon data dependence on the model parameters
In figure 4 we show the profile of the chameleon field over a wide mass range for R 0 = 3R s and n = 4 (the picture is similar for different R 0 and n). The numerical solutions show how the profile of the scalar changes qualitatively between small and large masses. The low mass scalars remain close to their asymptotic value, and have a fairly smooth profile. The large mass scalars on the other hand have a much sharper fall-off as we approach the dense region, cutting off very strongly at R 0 . This is reminiscent of the "thin shell" behaviour, [10] , which occurs around a massive object. The main difference here is that it is our exterior region which is dense, with the chameleon relaxing to its new VEV in the interior. The fact that the field has a significant variation as it nears R 0 is anticipated by our analytic approximation, although is severely underestimated by the simple geometric approximation used for lower masses (as seen in comparing the analytic and numerical solutions in figure 5 ).
In figure 5 we compare our analytic approximations to the numerical data. We show sample plots form = 0.1 andm = 1000, taking R 0 = 3R s and n = 4 as before. In both cases we compare the numerical data to the analytic approximation given by (3.14), (3.16) with the exact expressions from (3.17). For the large mass plot, we also show what we expect to be the more accurate approximation, (3.23), derived by assuming the dominance of the potential. The approximations are seen to be extremely accurate in tracking the shape of the chameleon profile. The small mass approximation is accurate to better than 1%. The large mass plot is accurate near R 0 (where it was tailored to be), but since R 0 /R s = 3, the effect of the geometry rapidly starts to make itself felt, leading to an overshoot of this approximation 1.
2.
3. 4. at both small and large mass. The dashed black line is the full analytic approximation, given by (3.14), (3.16) with the exact expressions from (3.17) . For the large mass case, the gray line is the potential dominated expression, which better captures the shape of the chameleon profile.
at the horizon. However, it can be seen to be a far better fit than the geometry dominated expression which works so well for small masses.
Finally, in figure 6 we compare the horizon values of the chameleon over a range of masses and the potential index n. We show the numerical horizon data, the analytic data obtained by solving (3.17) , and the small/large mass, large x 0 leading order approximations to this horizon value. In both plots R 0 is fixed at 3R s , and n = 4 for varyingm. In spite of the shortcomings of the analytic approximations, these plots show that the analytics pick up the essential dependence of the chameleon field. Indeed, it is surprising just how good the rough value is at extracting the main dependence of the horizon chameleon data on the model parameters. Figure 6 : The horizon value of the chameleon field as a function ofm and n, shown for comparison against the analytic approximations. The left plot shows the variation withm, and the right the variation with n. The numerical data is plotted in blue, the full analytic approximation value in dotted black, and the leading order approximations in dashed grey. In varying n, we compare at both large and small masses.
Dilaton profile
Environmentally dependent dilatons will also have a non-constant profile. Recall that the dilaton kinetic term has a coupling factor k(φ), so that the equation of motion for the dilaton is 1 r 2 r(r − 1)φ = −
In region I, ρ 0, and hence our vacuum dilaton value is β = 1/4
In region II, we have instead a small coupling function,
In other words, we have a hierarchy between the two regions set by the ratio of the local accretion disc or galactic energy density ρ * , and the background potential scale (taken to be the cosmological density), V 0 . Inputting the parameter values a 2 10 5 , V 0 ∼ ρ cosm , we see m 2 0 R 2 s ∼ 10 −40 − 10 −28 for astrophysical / supermassive black holes, hence the scalar field is extremely light in region I. In region II, the coupling function is extremely small, hence we expect φ to be very close to its minimum φ * . Thus for the dilaton, we expect a low mass or long range approximation to be appropriate in any analytical analysis.
Analytic analysis for the dilaton
Proceeding analogously to the chameleon, we introduce a new field variable
where we expect (y − 1) 1, hence λy b (recall b = ρ * /ρ cos ), and our equation of motion is well approximated by where we have setm 2 = λ 2 m 2 0 R 2 s . Clearlym 2 ,m 2 b 1, and hence our dilaton field will remain close to y = 1 throughout regions I and II. We therefore take y = 1 + δy, and approximate our solutions in each region with the horizon and asymptotic expansions:
where the constants C and δy h are given by matching at x 0 . Keeping terms only to leading order inm 2 b gives:
We see therefore that the shift in the dilaton value at the horizon of the black hole is roughlŷ m 2 bx 2 0 /2.
Numerical results
Numerically, it is rather difficult to explore the extremely small mass parameter values relevant for the dilaton directly with our simple techniques, however, by comparing numerical data with analytic profiles for a range of less tiny (though still small) masses, we can verify the analytic understanding, and extrapolate our results to the mass ranges of relevant for the dilaton. We therefore integrated (3.29) numerically for masses ranging from 10 −4 − 10 −14 , taking again R 0 = 3R s .
In figure 7 we show a plot of the variation of the dilaton field over a wide range of orders of magnitude in the mass. The profile is confirmed to be a gentle, small variation from the asymptotic value, and drops a couple of orders of magnitude for each order of magnitude drop inm as expected. In figure 8 , we compare the numerical and analytic solutions as before by plotting an explicit profile (here chosen atm = 10 −5 ), and the horizon data as a function of mass, again comparing the numerical, and analytical approximations. As with the chameleon, there is an excellent agreement in the two expressions, with the horizon data in particular giving almost indistinguishable results over a wide range of orders of magnitude form, therefore we see no reason to doubt the extrapolation of the data to much smaller masses, or other model parameters.
Symmetron profile
The symmetron field is distinct from the dilaton and chameleon in its behaviour, as the screening occurs due to dense regions restoring symmetry in the coupling function, driving it to zero:
In region II, the density ρ is large enough so that φ = 0 at its minimum, whereas in region I, φ vac = ±µ/ √ λ. Whether or not the symmetron can develop a nontrivial profile therefore becomes an issue of the tachyonic instability of the false vacuum φ = 0 in region I, which is always a solution to the symmetron equation of motion (3.32) . In order for φ to develop a nonzero profile, there has to be sufficient space for a fundamental mode of the wave equation to exist within region I, roughly of order the Compton wavelength of the symmetron. Given that we take R 0 = 3R s , this translates to µR s O(1/3) or so. Given that we expect µ −1 ∼Mpc, we are clearly well outside this régime for any cosmologically relevant symmetron, therefore our analysis will focus on confirming this intuition, and demonstrating the existence and magnitude of this limit.
Analytic approximations for the symmetron
Writing x = r/R s as usual,φ = √ λφ/η,μ = µR s , andm 2 = ρ * a 2 R 2 s /M 2 p −μ 2 , the equation of motion becomes:
For small mass parameters, we might expect a small variation in our scalar field, therefore we try our usual approximate solution for a slowly varying field,
(3.34)
However we now see something interesting arising in our matching conditions:
φ h now scales out of these relations, and we see that (1 −φ 2 h ) 6 µ 2 x 2 0 ≤ 1. Clearly this is inconsistent for smallμ, therefore our approximation indicates that there should be a lower bound on the mass for which a symmetron solution can exist (in keeping with our earlier intuition), and gives the mass limit asμ 2 x 2 0 6. For large masses, where we would expectφ to approach close to unity very rapidly inside region I, the approximation we use to get the interior solution in (3.34) is not reliable, asφ is varying significantly. With the chameleon, we approximated our profile by taking the potential to dominate the behaviour of the scalar, for the symmetron, provided x 0μ is large enough, our differential equation is well approximated by the λφ 4 kink model -and our field will take on a tanh profile as it makes the transition to its new, true, vacuum. We can therefore take the approximation
which rapidly transitions from 0 to 1 in a thin shell inside region I. Obviously, these arguments are only suggestive, and in no way constitute a proof of the nonexistence of a nontrivial solution at low mass, however, they are consistent with our numerical findings, and also with the results of [54] . Indeed, studying our black hole model in the context of the analysis of spontaneous scalarization in [54] , we again find that at low masses the black hole is not required to have a nontrivial symmetron profile.
Numerical results for the symmetron
As previously noted, the mass of the symmetron is well below the expected threshold for a nontrivial field profile, therefore our numerical investigation focussed on the confirmation of the analytical picture presented above. We took R 0 = 3R s as usual, and explored a range of masses around unity,μ 2 ∼ 0.5 − 5, to cover the régime in which we expect the symmetron field switches on in the vicinity of the black hole.
The results presented in figures 9 and 10 were computed for a galactic density environment, ρ/V 0 ∼ 10 6 , however the system is insensitive to an increase in density of region II, as the key physics here is that the coupling function to matter has switched off, fixing the symmetron at its (local) vacuum value. Figure 9 shows the profile of the symmetron gradually switching on as the effective mass in the vacuum of region I is raised. The transition of the horizon value of the symmetron 1.
2.
3. 4. from zero to unity as the mass is increased is seen to occur rather rapidly, and is shown in more detail in figure 10 . The key point from figure 9 is that the intuition of a cut-off in mass for a nontrivial symmetron profile is confirmed.
In figure 10 , we explore the correspondence between the analytic analysis and the numerical data. First, the phase transition of the horizon value of the symmetron as a function of inverse mass is shown in comparison to the low mass analytic approximation, 1 − 6/μ 2 x 2 0 . The cut-off in the symmetron profile is seen to be quite sharp, and unsurprisingly the low mass analytic approximation does not track the initial drop in the horizon value at larger masses that well, although it is very accurate at predicting the switch-off of the symmetron. Secondly, the field profile of a larger mass (μ = √ 5) symmetron is shown for comparison against the tanh profile of the analytic guess. Here, the correspondence between the analytic approximation and the actual profile is amazingly good and shows the analytic work is capturing the essence of the actual physics very well.
Observational implications
In the previous section we studied static, spherically symmetric solutions of the scalar field equation on a background comprising a Schwarzschild black hole and a static, spherically symmetric, constant matter distribution. Having shown that chameleons and dilatons produce a solution which is distinct from GR, we would now like to know whether they might have observable effects.
In our static model, the black hole is not moving through the scalar gradient and φ is constant, so on its own it will not emit scalar radiation through the mechanisms explored in [55] and [56] . However, as the presence of a non-zero scalar gradient will cause matter particles to feel a fifth force, we can comment on how chameleon and dilaton hair will affect accretion onto the black hole. Though it is possible that the fifth force effects could alter the structure of accretion disks [57] , determining whether the effect could be observable would require astrophysical modelling beyond the scope of this paper. We can, however, study its effects on the dynamics of an orbiting test particle.
For a test particle at distance r from the black hole, the ratio of the fifth force to that of Newtonian gravity is
Our initial assumptions guarantee this to be small: In §3 we stated that a requirement for the Schwarzschild metric to be a good leading order background was |T φ | ∼ |∇φ| 2
For β ∼ O(1), this condition is identical to requiring |F φ /F N | 1. For the profiles presented in §3, the largest fifth force will be generated by chameleons which vary rapidly in a thin shell near R 0 . Inserting even the most optimistic parameter values shows that the ratio in (4.1) will be at most O(10 −2 ). To evaluate the relevance of our estimated scalar gradients, we should study them in comparison to another small effect, namely gravitational radiation.
We can do this if we view our static black hole model as the supermassive partner of an extreme mass ratio inspiral (EMRI) binary system. Such EMRI systems, which consist of a stellar mass compact object orbiting a supermassive black hole, will be detectable by future space-based gravitational wave detectors [31] . In GR they will emit gravitational radiation at a rate approximated to leading order inṙ by, [58, 59] ,
where m t is the mass of in-falling object, v its velocity, r its radial position, and the angled brackets indicate an average over an orbital period. This emission will cause the orbiting object to gradually move to smaller radii, which we would detect as a decrease in the period of detected gravitational waves.
To leading, Newtonian, order, the gravitational binding energy of the system, per unit mass of the test particle, will be
3)
The conservation of total energy allows us to relate the rate of change of this Newtonian energy to flux being carried away by gravitational wavesĖ GR and interactions with scalar fifth forcesĖ φ .Ė
The evolving frequency of gravitational waves from a binary system tells us about rate of change of its orbital period, allowing us to measureĖ. Therefore, if the scalar fifth force can generate effects comparable to those of gravitational waves, it could potentially be detected by observations of EMRI systems. A detailed examination of the chameleon, dilaton, and symmetron effects on EMRI signals would require a sophisticated treatment like that in [31] , taking into account timedependent effects on the scalar field as well as the fact that an accretion disk will affect EMRI dynamics even in GR [60, 61] . However, we find that if we model the stellar mass object as a test particle in orbit around the black hole, we are able to present an order-of-magnitude estimate for how the presence of a scalar fifth force will affect its gravitational binding energy.
The classical equation of motion for a test particle with mass m t orbiting a black hole in the presence of a radial fifth force of magnitude m t a φ can be manipulated to shoẇ
Fifth force effects on in-falling particles are most likely to be important near r = R 0 . Here we can estimate |ṙ| for an object in a bound orbit by equating centripetal acceleration with that of gravity, giving v =
. We note that at the innermost stable orbit R 0 = 3R S ,
∼ 0.4. Such a large velocities signify a breakdown of Newtonian mechanics, however, since our goal is to derive an order of magnitude estimate of the effect, the approximation suffices.
We can now use our results from §3 to make a rough estimate for the scalar gradient, and thus, for the magnitude of the fifth force. When the scalar field mass in Region II is large, such as the case for the chameleon at accretion disc densities, we found that the field varies rapidly in a thin shell at the edge of the matter distribution. We can use our analytic approximation to estimate the scalar gradient near R 0 as
For chameleons at galactic densities, and for dilatons, m R 0 1, so the scalar will vary slowly everywhere. In this case we should instead write φ, r ≈ (φ − φ h )/R 0 .
Using these results we can estimate that when a test particle is near R 0 , its rate of change in energy per unit mass due to the fifth force will bė
where ∆R is the smaller of R 0 or R 2 n+2 0 m − n n+2 . We note that for chameleons and dilatons φ h > φ , soĖ φ will be positive. This is a reflection of the fact that the scalar force will manifest itself as an extra attraction between the test particle and the matter distribution ρ(r). This can also be seen if we assume the test particle is a stellar mass black hole and write its scalar 'charge', in the sense of [55, 56, 62] , Q(t) ∝ṙ(t) · ∇φ(r(t)). We note that as the stellar mass black hole moves inwards through the scalar gradient, its 'charge' will increase, indicating that it will absorb energy from the scalar field. This suggests that the scalar profile generated by the interaction of screened modified gravity and an accretion disk or galactic halo will slow the inspiral of an EMRI system.
Comparing the scalar radiation to the gravitational wave effects gives
The first part of this expression is the same (small) term that appeared in (4.1), indicating that the scalar fifth force will be small compared to that of Newtonian gravity. Because we are considering an EMRI system where m t M BH , the final bracketed term will be large. Therefore, to be able to evaluate whether the scalar field induced energy evolution is comparable to that from quadrupole radiation in GR, we must insert physically relevant values for the various parameters.
Let us assume that the test mass is a solar mass black hole being captured by a supermassive black hole, which we will take to have a mass either M BH ∼ 10 6−9 M ∼ 10 44−47 M p . We can now use our results from §3 to estimate this relation for the scenarios where we predict a non-zero scalar gradient. 
Short range chameleons
where we have set M ∼ 10 −3 eV. If we assume that β(φ ) ∼ O(1) and reference Table 1 for chameleon masses, we find
for the super (or super-super) massive black holes, relatively independent of the index, n. Thus, chameleon fifth force effects on the test particle's dynamics will be much smaller than those of gravitational radiation. We note that because the non-zero fifth force operates only in a thin shell very near the ISCO, the effects will likely be more suppressed than this estimate suggests. However, should the chameleon model have a significant coupling parameter β, then these conclusions will be changed, as the ratio is proportional to β.
Long range chameleons
When the black hole is surrounded by matter with galactic halo density, it is possible that the chameleon will be light compared to the size of the system. For this case we use ∆R = R 0 3R S to get
The strong field, large curvature limit of modified gravity is a largely unexplored area for constraining various model dependent parameters and differentiating between the numerous models that exist in literature. By studying a static, spherically symmetric black hole with an r-dependent matter distribution around it, we were able to show that theories of modified gravity with screening mechanisms violate the no-hair theorems of GR and the scalar field can have a non-trivial profile. In this construction, we found that chameleon and dilaton fields develop a non-trivial scalar profile, while the symmetron assumes a constant value. An order of magnitude estimate of the effects of such a scalar gradient on in falling test particles was shown to generate effects that would be observationally challenging to detect and sub-leading compared to the quadruple radiation in GR. Note that our findings for symmetrons could be qualitatively altered if we used a different matter distribution in our setup. As we discussed at the beginning of §3, if the matter density far from the black hole is small enough to make the symmetron approach φ = µ/ √ λ as its boundary condition, its field equation will no longer have a constant solution. This could occur, for example, if we used a model of an accretion disk which had finite spatial extent. We would, however, expect any symmetron gradients to be comparable to the ones found above for long range chameleons and dilatons. Similar reasoning can be applied when we consider solutions to the scalar field equation with angular dependence, or solutions on a Kerr background. No hair theorems require that in a stationary system involving matter around a black hole, any gradient in the scalar field will be sourced entirely by non-uniformities in matter density. If we assume that the density contrasts examined above are typical of astrophysical matter distributions near black holes, the magnitude of the scalar gradients produced (and their consequent fifth forces) should likewise be representative. Thus generically we would expect theories of screened modified gravity to produce solutions distinct from GR around stationary black hole systems with sub leading corrections to various observational effects.
It would be interesting to explore this strong field limit further. One possible physical effect to study within our setup would be the phase of gravitational waves. Our crude estimates suggest that the rate of GR quadruple radiation will dominate over any radiation in the scalar sector, however, in [63] , the authors showed that in Brans-Dicke theory the presence of a massive scalar field affects the phasing of gravitational radiation from binary systems significantly and they found that for observations of intermediate mass ratio inspirals, this effect could be used to place constraints on model parameters (a lower bound on ω BD and an upper bound on the mass of the scalar) which are competitive with Cassini and LLR measurements.
Additionally, the requirement that our system and solutions be stationary causes us to disregard the possibility of transient effects associated with superradiance. Superradiance is a property of rotating black holes through which incident waves with at resonant frequency can become amplified by extracting some of the black hole's rotational energy. A number of studies have shown that superradiant effects can give rise to long-lived unstable modes in the presence of a massive scalar [64] [65] [66] [67] [68] . This occurs for isolated black holes, but it also has been shown that when a black hole is surrounded by matter, superradiant modes can be amplified by factors as large as 10 5 [54] . If the scalar's mass is very light, the instability timescale for these modes becomes short and would result in gaps in the mass-spin phase space of observed black holes. Because of this, measurements of a black hole's mass and spin can be used to constrain allowed masses for scalar fields. This technique has already been used to place the most stringent upper bound on the mass of the photon [68, 69] .
Yet another potentially observable effect of superradiance occurs in EMRI systems, in what is known as floating orbits [19, 31, 70] . Floating orbits occur when the orbital frequency of the small compact object can excite superradiant modes. This causes the scalar field to transfer rotational energy from the central black hole into the orbit of the small compact object, counteracting the energy lost through quadrupole radiation and slowing the inspiral. Such floating orbits would affect the EMRI's gravitational waveforms significantly, so the detection of an EMRI signal consistent with GR would allow us to place strong constraints on the mass of a light scalar.
We note with interest that these effects are typically studied in the context of scalar fields with a mass in the range 10 −33 eV − 10 −10 eV [69] , which is relevant for dilatons and symmetrons, as well as chameleons at galactic or cosmological densities. Consideration of gravitational wave phasing, superradiant instabilities, and floating orbits will thus be important if we want to understand how these theories can be constrained by observations of black hole systems. We hope to further explore some of these effects in future works.
